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Abstract
Multifractality is one of the patterns observed in spatial distributions of populations. In this
study, we performed multifractal analysis for populations by age group in the capital area of
Japan. Each population group generally exhibited the property of densely populated locations
being relatively connected to each other. We also investigated the dependence of multifractality
on the age group. Multifractal measures showed that the group consisting of young working-
age people exhibits strong heterogeneity and concentration of population, while the population
consisting of elder people exhibits a relatively homogeneous nature.
1 Introduction
Multifractality has been observed in the spatial distribution of populations and various other
artefacts, e.g., buildings and streets, in cities and regions across the world [1–8]. Fractality is the
nature where the mass in a region exhibits power law dependence on the size of the region. The
exponent in the power-law relationship is called the fractal dimension [9]. An object can be regarded
as exhibiting multifractality, if the local fractal dimension around each spot diverges [8, 10,11].
Ozik et al. (2005) suggested an explanation for the process of generating multifractality in a
population [1]. They showed that the multifractal nature of the spatial distribution of a popula-
tion can be generated by a process in which children settle around the locations of their parents
stochastically. In addition to this approach, we focus on the lifestyles and ages of the people in this
study. For example, people currently in their working-age may have stronger motivation to live in
locations with good accessibility to the city centre or industrial clusters [12–15] than elderly people
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who have retired. Moreover, selective migration, where people migrate to more preferable places,
is known to be a driving force of generating cities and cultures [16, 17]. It should be natural to
assume that such lifestyle traits and migration of individuals can affect the spatial distribution of
the population by age group.
In this study, we investigated multifractality in the spatial distribution of the population by
age group. We evaluated the difference in spatial distributions of four age groups based on their
multifractal properties. Our analysis showed significant heterogeneity in the population consisting
of young working-age people, while the population of elderly people exhibit homogeneity in their
multifractal properties.
This paper is organized as follows. We briefly introduce the concept of multifractals, and explain
the method of our multifractal analysis in Section 2. Results of the multifractal analysis and the
interpretations of the multifractal measures are discussed in Section 3. We discuss our results and
future prospects in Section 4.
2 Materials and methods
2.1 Data
We analysed data from the Japanese 100-Meter Estimated Mesh Data of the 2015 National
Census [18]. The data consists of estimated populations in each 100-meter mesh—hereafter referred
to as ‘mesh’. The exact size of a mesh is 3 seconds in the latitude direction and 4.5 seconds in the
longitude direction. The area concerned in this study is located northeast of the capital area in
Japan, and it includes many commuter towns for the capital. In the analysed area, the range of the
latitude is from 35◦42′45′′ to 35◦55′30′′, and that of the longitude is from 139◦36′09′′ to 139◦55′16.5′′.
The analysed area contains 28 × 28 = 65, 536 meshes. Fig. 1 is the histogram of the population by
age in this area. We classified the population into four groups according to their age: Group A with
ages from 0 to 24, Group B with ages from 25 to 39, Group C with ages from 40 to 59, and Group
D with ages greater than or equal to 60. We determined the ages in each group in such a way that
a group has a similar population to each other. Total population and the population in each group
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are shown in Table 1. In this paper, we call non-empty locations as support. Table 1 also shows the
number of meshes and the maximum and mean populations in a mesh on the support. The spatial
distribution of the population in each group is shown with a heatmap in Fig. 2.
Figure 1: Histogram of the population by age. The population is classified into four groups according
to age: Group A with ages 0 to 24 (blue bars), Group B with ages 25 to 39 (green bars), Group C
with ages 40 to 59 (yellow bars), and Group D with ages ≥ 60 (red bars).
Table 1: Data summary. The total population (Total) and the population in each age group (Group
A, B, C and D) are shown in the second column. The number of meshes on the support is shown
in the third column. The maximum and the mean population in a mesh on the support are shown
in the fourth and the fifth columns, respectively.
Group Population # Support Max Mean
Total 6,745,402 51,836 1,966 130.130
Group A 1,470,674 51,834 576 28.373
Group B 1,419,504 51,831 569 27.387
Group C 1,918,717 51,834 576 37.017
Group D 1,936,506 51,834 935 37.360
2.2 Multifractal analysis
We begin by briefly introducing the concept of a multifractal based on the box-counting method.
As mentioned in Section 1, an object can be regarded as exhibiting fractality if the mass in each
region of the object, m(ε), increases with the size ε of the region according to a power law, as
m(ε) ∼ εD. Multifractality is the nature where the exponent D diverges in the object [8,11,19,20].
Let us assume that grid lines are drawn on the object, and it is covered by non-overlapping boxes
with the same size ε on one side that are defined by the grid lines. The probability measure Pi,ε
on the i-th box can be defined as the ratio of the mass inside the box to the entire mass. If Pi,ε
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Figure 2: Spatial distribution of the population in (a)Group A, (b)Group B, (c)Group C, (d)Group
D, (e)the total population (Total), (f)Analysed region. (1:1,000,000 INTERNATIONAL MAP,
Geospatial Information Authority of Japan). The heatmap shows a value of log10[(population in
the mesh)/(population of the group) +1.0× 10−8] for each mesh.
increases with ε according to the power law for any i, as the following:
Pi,ε ∼ εα, ε→ 0, (1)
Then, this implies that fractality can be seen around each point of the object. The exponent α
can therefore be regarded as the local fractal dimension, and it is called the singularity strength.
Subsequently, let N(ε, α) be the number of boxes that satisfy Pi,ε ∼ εα˜, where α˜ ∈ [α, α + ∆α]. If
N(ε, α) decreases with ε as
N(ε, α) ∼ ρ(α)ε−f(α)∆α, (2)
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the object can be regarded as having a multifractal structure. From Equation (2), the exponent
f(α) is interpreted as the fractal dimension of the arrangement of points with singularity strength
α, and this dimension is called the spectrum. Curves of (α, f(α)) are called multifractal curves
hereafter. The singularity strength α and the spectrum f(α) have a relationship with the generalized
dimension [20, 21]. The q-th generalized dimension Dq is defined as follows. We first define τq as
τq = lim
ε→0
log
∑
i P
q
i,ε
log ε
. (3)
Then, Dq for q 6= 1 is defined as
Dq =
1
q − 1τq. (4)
When q = 1,
D1 = lim
ε→0
∑
i Pi,ε logPi,ε
log ε
. (5)
In the summation in Equations (3, 5), the i-th term is summed when the i-th box is not empty, i.e.,
Pi,ε 6= 0.
It is known that under some approximations, the singularity strength αq and the spectrum f(αq)
can be derived from τq for each q as the following:
αq =
dτq
dq
, (6)
f(αq) = αqq − τq. (7)
We now explain the method of our multifractal analysis of the spatial distribution of the popu-
lation, which is performed based on the box-counting method described above. We assign the size
of one side of a mesh to ε = 1/28. Gridlines are drawn on the analysed region, and the region is
covered by non-overlapping boxes of the same size that are defined by the grid lines. As the sizes of
boxes ε, we consider ε = 1/28, 2/28, 22/28, ..., 27/28, 1. For example, when the region is covered by
boxes of size ε = 2/28, one box contains 2×2 meshes and there are 27×27 boxes covering the region.
We define the probability measure Pi,ε on the i-th box as the ratio of the population inside the i-th
box to the entire population for each group, when the region is covered by boxes of size ε. Unlike an
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ideal multifractal structure, our data does not have an infinitesimal structure. The spatial distribu-
tion of the population (of each group) cannot exhibit multifractal property rigorously; therefore, we
evaluate the range of ε and q, where we can consider the spatial distribution as exhibiting multifrac-
tality. We evaluated the range of ε and q for which the spatial distribution exhibits multifractality
by examining the linearity of the relationship between log
∑
i P
q
i,ε and log ε based on the frequently
used method [2–4, 6, 22–25]. Plots of log
∑
i P
q
i,ε against log ε for each population group is shown
in Fig. 3. In our analysis, linearity is determined by examining whether or not the coefficient of
determination of the linear regression of log
∑
i P
q
i,ε by log ε exceeds 0.99. Consequently, we regard
that multifractality can be observed in the spatial distribution of the population when ε is more
than 23, for each group. In addition, we set the range of q from -30 to 30. We regard the slope of
the linear regression of log
∑
i P
q
i,ε by log ε as τq, based on Equation (3). The generalized dimension
Dq is derived by Equations (4, 5). Subsequently, we derived the singularity strength αq and the
spectrum f(αq) by linear regressions according to the following formulae:
αq = lim
ε→0
∑
i µi,ε,q logPi,ε
log ε
(8)
f(αq) = lim
ε→0
∑
i µi,ε,q logµi,ε,q
log ε
, (9)
where µi,ε,q = P
q
i,ε/
∑
j P
q
j,ε. These formulae are directly derived from Equations (3, 6, 7) and have
often been used in previous studies [19,26,27].
3 Results
3.1 Generalized dimension
In Fig. 4, the q-th generalized dimension Dq against q is shown for the population in each age
group and the total population.
The dependence ofDq on q varies in groups, and this can represent the strength of the heterogene-
ity in the spatial distribution as the following discussion. As we can understand from Equation (3),
a large value of q corresponds to a great contribution of the boxes with large probability measures
Pi,ε to the sum. Therefore, the boxes with high densities are significantly incorporated into the
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Figure 3: log
∑
i P
q
i,ε versus log ε for each q. The colours of the plots correspond to the values of q
in the legends. Panels (a), (b), (c), (d), and (e) are for Groups A, B, C, D and the total population,
respectively.
calculation of the q-th generalized dimension Dq when the value of q is large (see Equations (4, 5)).
On the other hand, boxes with small densities are emphasized in the calculation when q is negative.
Therefore, the value of Dq for large (negative and small) q reflects the nature of densely (sparsely)
populated locations. Thus, the extent to which Dq declines with q denotes the difference between
the arrangement of densely populated locations and that of sparsely populated locations.
The generalized dimension Dq of Group B declines with q more rapidly than in other groups,
which implicates the strong heterogeneity in the spatial distribution as mentioned above. Mean-
while, Group D shows the smallest range of decline in Dq. For negative values of q, Dq for Group
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Figure 4: The q-th generalized dimension versus q.
C exhibits a value close to that of the total population. For positive values of q, the values of Dq
for Groups C and D are very close to that of the total population. Therefore, these results suggest
that Group C (Groups C and D) exhibit a nature similar to the total population from the viewpoint
of fractal geometry when we observe the sparsely (densely) populated locations. The generalized
dimension of Group A is relatively close to that of Group C and the total population. This may be
because many young people in Group A (ages from 0 to 24) live with their parents in Group C.
3.2 Multifractal curve
Multifractal curves for each group and the total population are shown in Fig. 5. As mentioned
in Section 2.2, we derived the singularity strength αq and spectrum f(αq) pairs for each q. The
singularity strength αq is generally smaller when the value of q is smaller in a multifractal curve.
The spectrum f(αq) generally takes the maximum value when q = 0, in which the difference of
densities in the boxes is not considered. Divided at the mode where q = 0, the left-hand and
right-hand sides of the curve correspond to the positive and negative values of q, respectively. This
can be understood from the following explanation. When we focus on a densely populated location
such as in the i-th location in panel (a) of Fig.6, the probability measure on a region does not
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Figure 5: Multifractal curve. The horizontal axis is the singularity strength αq, and the vertical
axis is the spectrum f(αq).
increase rapidly by expanding the region around the i-th location as represented by the thick lines.
Thus, such locations have a low singularity strength, as defined by Equation (1). Note that such
densely populated locations are emphasized when q is large. On the other hand, around a sparsely
populated location compared to the surroundings (the i-th location in Fig.6(c)), the probability
measure on a region increases rapidly by expanding the size of the region, and the location exhibits
a high singularity strength. If the location has the same density as the surroundings (the i-th
location in Fig.6(b)), the location exhibits a singularity strength of 2.
In Fig. 5, all multifractal curves are skewed, and the mode of each is biased to the left. The
range of αq in each multifractal curve is narrower when q is positive (left-hand side) than when q
is negative (right-hand side), and αq does not decline significantly for positive q. Therefore, it can
be inferred that the population does not concentrate to isolated spots, but the densely populated
areas are connected to each other, while sparsely populated locations are isolated.
Subsequently, we compare the multifractal curves. The multifractal curve of Group B exhibits
the widest range of αq. Therefore, in the spatial distribution of Group B, there should be both
significantly dense and significantly sparse locations compared to the surroundings, and such het-
9
Figure 6: A schematic image of the singularity strength and the densities compared to the sur-
roundings. A location corresponds to a smallest square. The gray-scale represents the probability
measure on each location as shown in each panel. (a) Only the i-th location has non-zero density,
and the other locations are empty. The probability measure on the box remains ρ, even when the
size of the box ε increases as emphasized by the thick line. Therefore, the singularity strength of
the i-th location is 0. (b) All locations are filled with the same density. The probability measures of
the boxes are ρ, 9ρ and 25ρ, for the smallest, the second smallest and the largest boxes (emphasized
by the thick line), respectively. Thus, the singularity strength of the i-th location is 2. (c) The
i-th location is sparse compared to the surroundings. The probability measure of the boxes are ρ,
27ρ and 125ρ, for the smallest, the second smallest and the largest boxes (emphasized by the thick
line), respectively. Thus, the singularity strength of the i-th location is 3.
erogeneity is stronger than that of the other groups. Meanwhile, Group D exhibits the narrowest
range of αq. Thus, αq, that corresponds to the density compared to the surroundings, varies less in
Group D.
Groups C and D exhibit curves similar to each other for positive values of q (the left-hand side).
However, these curves are separated for negative values of q (the right-hand side). Therefore, it is
inferred that the nature of the spatial distribution of Group C is similar to that of Group D when
we limit our observation to the densely populated area. In addition, the multifractal curve of the
total population exhibits an overlap with that of Group C in a large range.
Recall that the q-th generalized dimensions of Group C and the total population are close to each
other for negative values of q, and that of Groups C and D, and the total population are close to each
other for positive values of q. Such a similarity relationship of the generalized dimensions among the
age groups is roughly consistent with that of the multifractal curves. However, the spectra f(αq) of
Groups C and D take significantly different values from that of the total population. Unlike the total
population, f(αq) of Groups C and D drops to a large extent as q increases, i.e., as αq decreases,
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when q is positive. Recall that f(αq) stands for the fractal dimension of the arrangement of locations
exhibiting a singularity strength αq. Thus, we can infer that the arrangement of locations with a
certain singularity strength, i.e., a relative density against the surroundings, rapidly loses the fractal
dimension as the singularity strength decreases in Groups C and D.
4 Discussion
We investigated multifractality in the spatial distribution of a population focusing on the age
difference. In our analysis, the population is divided into four groups according to the age: Group
A, B, C and D, from younger to older.
Results of the multifractal analysis showed that Group D exhibits homogeneous nature, while
Group B showed the strongest heterogeneity in the spatial distribution from the viewpoint of fractal
geometry. The multifractal curve of Group B has a lower singularity strength than that of the other
groups, and such a small singularity strength implies the existence of locations with significantly
high densities compared to the surroundings. Therefore, the concentration of the population should
be stronger in Group B than in the other groups. However, even in the multifractal spectrum of
Group B, the singularity strength is more than 1 and is not extremely small. This implies that strong
concentrations such as in Group B can be rarely observed in isolated spots, but can be observed
in connected areas, e.g., along railway tracks that have a one-dimensional shape. Group B consists
of ages 25 to 39, and they are in the working-age. One possibility is that the concentration of the
population occurs around the locations where they can take advantage of convenient transportations
to their working places. Meanwhile, Groups C and D exhibit similar multifractal properties when q
is positive, i.e., in the densely populated area. However, when q is negative, Dq and αq of Group D
are less than that of Group C. We can infer that the nature of densely populated locations of Group
C is qualitatively similar to that of Group D, but Group D exhibits more homogeneous spatial
distribution than the others when we expand our view to include the sparsely populated area.
Our analysis showed that the multifractal properties in the spatial distribution of a population
depend significantly on the ages of the people, while they are distributed on the same geographical
substrate. Such a difference in the multifractal properties by age suggests that not only single
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settlements, but also changes of their residence according to their ages and lifestyles should signifi-
cantly contribute to the process of generating the multifractal patterns in the spatial distributions
of the population. In addition, we should consider external factors, e.g., the developments of land
and estate, to be included in such a process. For example, development of a convenient area can
attract young people who consider purchasing their residences, and it can generate a concentrated
population, which is a multifractal pattern specifically observed in Group B.
We also expect that the temporal development of the multifractal nature in the spatial dis-
tribution of a population can be affected by the age of the people. Previous studies showed that
spatial distributions associated with city morphology, e.g., buildings and streets, have temporally
developed to the packed state with the strong homogeneity [3, 28]. It should be interesting to see
whether the whole population also develops towards a homogeneous nature. If so, by revealing
which ages contribute more/less to such development to homogeneity, we will be able to enhance
our understanding of the development of cities.
5 Conclusion
We investigated the multifractal properties of the spatial distribution of a population by age
group in the Japanese capital area. Populations in each age group exhibited different multifrac-
tal natures. The population consisting of young working-age people in particular exhibited the
strongest heterogeneity in multifractal measures, implying a strong concentration of population in
some locations.
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